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The theory of free probability and free entropy was developed by Voiculescu from 1990s. It 
played a crucial role in the recent study of finite von Neumann algebras (see pQ, [3], [4], [5], [6], 
[7], jS], [IT], [14] , [15], [23], [24], [25]). The analogue of free entropy dimension in C* algebra 
context, the notion of topological free entropy dimension of of n— tuple of elements in a unital 
C* algebra, was also introduced by Voiculescu in [26J. 




After introducing the concept of topological free entropy dimension of n-tuple of elements 
in a unital C* algebra, Voiculescu discussed some of its properties including subadditivity and 
change of variables in 126] . In this paper, we will add one basic property into the list: topological 
free entropy dimension of one variable. More specifically, suppose x is a self-adjoint element in a 
unital C* algebra A and ct(x) is the spectrum of x in A. Then topological free entropy dimension 
of x is equal to 1 where n is the cardinality of the set u(x) (see Theorem 4.1). 

In |26j . Voiculescu showed that (i) if family of free semicircular elements 

in a unital C* algebra with a tracial state, then 5 top (xi, • • • , x n ) = n, where S top (xi, . . . , x n ) is 
the topological free entropy dimension of X\, . . . , x n ; (ii) if X\, . . . , x n is the universal n-tuple 
of self-adjoint contractions, then S top {xi, . . . , x n ) = n. Except in these two cases, very few has 
been known on the values of topological free entropy dimensions in other C* algebras. Using the 
inequality between topological free entropy dimension and Voiculescu's free dimension capacity, 
we are able to obtain an estimation of upper-bound of topological free entropy dimension for a 
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unital C* algebra with a unique tracial state (see Theorem 5.1). The lower-bound of topological 
free entropy dimension is also obtained for infinite dimensional simple unital C* algebra with a 
unique tracial state (see Theorem 5.2). As a corollary, we know that the topological free entropy 
dimension of any family of self-adjoint generators of an irrational rotation C* algebra or UHF 
algebra or C* ed (F 2 ) ® m inC* ed (F2) is equal to 1 (see Theorem 5.3, 5.4, 5.5). For these C* algebras, 
the value of the topological free entropy dimension is independent of the choice of generators. 

The rest of the paper is devoted to study another invariant associated to n-tuple of elements 
in C* algebras. This invariant, called topological free orbit dimension, is an analogue of free 
orbit dimension in finite von Neumann algebras (see [11] ). We show that the topological free 
orbit dimension of a self-adjoint element in a unital C* algebra is equal to, according to some 
measurement, the packing dimension of the spectrum of x (see Theorem 7.1). 

The organization of the paper is as follows. In the section 2, we recall the definition of 
topological free entropy dimension. Some technical lemmas are proved in section 3. In section 
4, we compute the topological free entropy dimension of one self-adjoint element in a unital 
C* algebra. In section 5, we study the relationship between topological free entropy dimension 
and free capacity dimension of a unital C* algebra. Then we show that topological free entropy 
dimension of of any family of generators of an infinite dimensional simple unital C* algebra with 
a unique tracial state is always greater than or equal to 1. The concept of topological free orbit 
dimension of n-tuple of elements in a C* algebra is introduced in section 6. Its value for one 
variable is computed in section 7. 

2. Definitions and preliminary 

In this section, we are going to recall Voiculescu's definition of topological free entropy 
dimension of n-tuple of elements in a unital C* algebra. 

2.1. A Covering of a set in a metric space. Suppose (X, d) is a metric space and K is 
a subset of X. A family of balls in X is called a covering of K if the union of these balls covers 
K and the centers of these balls lie in K. 

2.2. Covering numbers in complex matrix algebra (Aik(C)) n . Let A4 k (C) be the 
k x k full matrix algebra with entries in C, and r k be the normalized trace on Aik{C), i.e., 
r k = -rTr, where Tr is the usual trace on M. k {£). Let U(k) denote the group of all unitary 
matrices in Mk{C). Let Mk{C) n denote the direct sum of n copies of Mk(C). Let M s k a (C) be 
the subalgebra of A4 k (C) consisting of all self-adjoint matrices of .Mfc(<C). Let (Ai s k a (C)) n be 
the direct sum of n copies of A^| a (C). Let || ■ || be an operator norm on M k (C) n defined by 

\\(A 1: ...,A n )\\ = max{||Ai||,..., |K||} 

for all (Ai, . . . , A n ) in M. k [<C) n . Let || ■ || 2 denote the trace norm induced by r k on A4 k (C) n , i.e., 

||(Ai,...,A n )|| 2 = y/TkiAlA^+.-. + TkiA^An) 



for all (A 1 ,...,A n ) in M k (C) n . 
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For every uj > 0, we define the u;-|| • ||-ball Ball(Bi, . . . , B n ; u, \\ ■ ||) centered at (Bi, . . . , B n ) 
in Mk(C) n to be the subset of Mk{C) n consisting of all (A ± , . . . , A n ) in Mk{C) n such that 

\\(A 1 ,...,A n )-(B 1 ,...,B n )\\<uj. 

Definition 2.1. Suppose that T, is a subset of AA k (<C) n . We define the covering number 
z/oo(S,cj) to be the minimal number of u-\\ ■ \\-balls that consist a covering o/E in Ai k (C) n . 

For every oo > 0, we define the ■ || 2 -ball Ball(Bi, . . . , B n ; lu, \\ • || 2 ) centered at (Bx, . . . , B n ) 
in Mk(C) n to be the subset of Mk{C) n consisting of all (Ai, . . . , A n ) in Mk{C) n such that 

||(A 1 ,...,A n )-(Sx,..., J B n )|| 2 <a;. 

Definition 2.2. Suppose that E is a subset of A4k(C) n . We define the covering number 
1/2(^,00) to be the minimal number of uj-\\ • \\2-balls that consist a covering o/E in M. k (C) n . 

2.3. Noncommutative polynomials. In this article, we always assume that A is a unital 
C*-algebra. Let x±, . . . , x n , y±, . . . , y m be self-adjoint elements in A. Let C(X 1; . . . , X n , Y]_, . . . , Y m ) 
be the unital noncommutative polynomials in the indeterminates X 1? . . . , X n , Y 1 , . . . , Y m . Let 
{P r }^Li be the collection of all noncommutative polynomials in C(Xl, . . . , X n , Y±, . . . , Y m ) with 
rational complex coefficients. (Here "rational complex coefficients" means that the real and 
imaginary parts of all coefficients of P r are rational numbers). 

Remark 2.1. We alsways assume that 1 e C(Xl, . . . , X„, Yi, . . . , F m ) . 

2.4. Voiculescu's Norm-microstates Space. For all integers r, k > 1, real numbers 
i?, e > and noncommutative polynomials P±, . . . ,P r , we define 

^ (^1) • • • j x n, Vl, ■ ■ ■ , 2/mi ^5 e ; -Pi; • • • j -Pr) 

to be the subset of (M k a (C)) n+m consisting of all these 

(A 1 ,...,A n ,B 1 ,...,B m )e(M s k a (C)r +m 

satisfying 

max{\\A 1 \\,...,\\A n \\,\\B 1 \\,...,\\B m \\}<R 

and 

lll-Pj^!, ...,An,Bi,.. .,B m )\\ - \\Pj(x u ...,x n ,y u ...,y m )\\\<e, V 1 < j < r. 
REMARK 2.2. In the definition of norm-microstates space, we use the following assumption. 

If 

N 

Pj{x u . . . ,x n ,y u . . . ,y m ) = a • I A + y~] a il ... is z il ■ ■ ■ z is 

s=l l<ii,...,i s <n+m 

where zi, . . . , z n+m denotes x±, . . . , x n , yi, ■ ■ ■ ,y m an d a , a h-i 3 are ^ n then 

N 

Pj(Ai, . . . , An, Bi,..., B m ) — a - I k + a il ...i s Z il ■ ■ ■ Z ig 

s=l l<ii,...,i s <n+m 

where Z ll . . . , Z n+m denotes A 1 , . . . , A n , B 1 , . . . , B m and I k is the identity matrix in A4 k (C). 



Remark 2.3. In the original definition of norm-micro states space in [26] . the parameter R 
was not introduced. Note the following observation: Let R > max{||a:i||, . . . , ||x n ||, \\yi\\, • • • , ||2/m||} 
When r is large enough so that 

{Xi, . . . , X n , Yi, ... , Y m } C {Pi, . . . , P r } 

and < e < R — max{||:ri||, . . . , ||a; n ||, \\yi\\, • • • , ||2/m||}; we have 

^ R (^"1) • • • i Xni Vli ■ ■ ■ j ^; ^; Pli ■ ■ ■ i Pr) = ^top{x\, ■ ■ ■ j ^n; 2/1; • • • j 2/wj &j ^; -Pi; • • • ; Pr) 

/or a// k > 1, where IV^^i, . . . , x n , y\, . . . , y m \ k, e, Pi, . . . , P r ) is the norm-micro states space 
defined in [26] . Thus our definition agrees with the one in [26J for large R, r and small e. 

In the later sections, we need to construct the ultraproduct of some matrix algebras, it will 
be convenient for us to include the parameter "R " in the definition of norm-micro state space. 

Define the norm-microstates space of X\, . . . , x n in the presence of 2/1, . . . , y m , denoted by 

^ {x\, ■ ■ • , x n : 2/1, ... , y m \ k, e, Pi, . . . , P r ) 

as the projection of T^ p \xi, . . . , x n , 2/1, ... , y m \ k, e, Pi, . . . , P r ) onto the space (A4l a (C)) n via 
the mapping 

(Ai, . . . , A n , Pi, ... , B m ) — > {A\, . . . , A n ). 

2.5. Voiculescu's topological free entropy dimension (see [26]). Define 

^oo(r^ op) (xi, ...,x n :yi,...,y m ] k,e,P x , . . .,P r ),uS) 

to be the covering number of the set T^ p \xi, . . . , x n '■ yi, ■ ■ ■ , y m ; k, e, Pi, . . . , P r ) by • || -balls 
in the metric space (Ai s k M (C)) n equipped with operator norm. 

Definition 2.3. Define 

5 top (xi, . . ., x n : 2/1, • • • ,2/m;^) 

., r \og(u 00 (T ( ^ op \x 1 ,...,Xn:yi,---,y m ;k,e,P 1 ,...,P r ),uj)) 

= sup ml hm sup - -— . 

R>0 e>Q,reN -k^logu 

The topological entropy dimension of the presence ofy\,...,y m is defined by 

S t0 p{x 1 , x n : 2/1, • • • ,y m ) = limsup5 top (xi, . . . , x n : y 1 , . . .,y m ;u). 

Remark 2.4. Let M > max{||a;i||, . . . , \\x n \\, \\yi\\, • • • , |||/m||} be some positive number. By 
Remark 2.3, we know 

S t0 p{xi, . . . , x n . 2/1 , . . . , y m ) 

v . , V \og(u 00 (T ( ^ p \x 1 ,...,x n :yi,...,y m ;k,e,P 1 ,...,P r ),uj)) 
= hmsup ml iimsup —5- . 

^>0,r€N -k Z lOgU 
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2.6. C* algebra ultraproduct and von Neumann algebra ultraproduct. Suppose 
{yWfc m (C)}^ =1 is a sequence of complex matrix algebras where k m goes to infinity when m 
approaches infinity. Let 7 be a free ultrafilter in (3(N) \ N. We can introduce a unital C* algebra 
YC=xM km (C) as follows: 

00 

J] M km (C) = {(Y m )™ =1 I V m > 1, Y m e M km (C) and sup \\Y m \\ < 00}. 

, m>l 
m=l — 

We can also introduce the norm closed two sided ideals and X 2 as follows. 

00 

Xoo = {{Y m )Z=i e J] ^*»( c ) I lim = °> 

J- J- m— +7 

m=l 

00 

x 2 = {(Y m )™ =1 e n 1 lim n y ™H 2 = °> 

J- J- m— >7 

m=l 

Definition 2.4. 77ie C* algebra ultraproduct of {M km (C)}™ =1 along the ultrfilter^, denoted 
by rim=i •Mkmity) is defined to be the quotient algebra ofYl™ =1 M. km (C) by the ideal X^. The 
image of (Y m )™ =1 G Ylm=i-M- km (C) in the quotient algebra is denoted by [(Y m ) m }. 

Definition 2.5. The von Neumann algebra ultraproduct of {M. km ( ( C)} c £ =l along the ultrfilter 
7, also denoted by n^i=i •MfcmO^O tf no confusion arises, is defined to be the quotient algebra of 
Y\^ = i M km {C) by the ideal J 2 . The image of (Y m )™ =1 e Ylm=iM- km {C) in the quotient algebra 
is denoted by [{Y m ) m ]. 

Remark 2.5. The von Neumann algebra ultraproduct =1 M. k (C) is a finite factor (see 

mi- 

2.7. Topological free entropy dimension of elements in a non-unital C* algebra. 

Topological free entropy dimension can also be defined for n-tuple of elements in a non-unital 
C* algebra. Suppose that A is a non-unital C*-algebra. Let Xi, . . . , x n , yi, . . . , y m be self-adjoint 
elements in A. Let <C(Xi, . . . , X n , Yy, . . . , Y m ) C be the noncommutative polynomials in the 
indeterminates Xi, . . . , X n , Yi, . . . , Y m without constant terms. Let {P r } ( ^ =1 be the collection 
of all noncommutative polynomials in C(X\, . . . , X n , Yi, . . . , Y m ) C with rational complex 
coefficients. Then norm-mocrostate space 

p ^ (xi, . . . , x n : 2/1, . . . , y m ; k, e, Pi, . . . , P r ) 
can be defined similarly as in section 2.4. So topological free entropy dimension 

O~topi%li • • • > -En ■ VXi • • • 1 Urn) 

can also be defined similarly as in section 2.5. 

In the paper, we will focus on the case when A is a unital C* algebra. 
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3. Some technical lemmas 



3.1. Suppose x is a self-adjoint element in a unital C* algebra A. Let a(x) be the spectrum 
of x in A. 

Theorem 3.1. Let R > \\x\\. For any uo > 0, we have the following. 

(1) There are some integer n > 1 and distinct real numbers X 1 , A 2 , • • • , \ n in a(x) satisfying 
(i) \\ — >uj for all 1 < i ^ j < n; and (ii) for any X in cr(x), there is some Xj with 
1 < j < n such that \X — Xj\ < uj. 

(2) There are some ro > and eo > such that the following holds: when r > r^, e < €q, 
for any A in T^ p \x; k, e, Pi, . . . , P r ), there are positive integers 1 < ki, . . . , k n < k with 
k\ + /c2 + • • • + k n = k and some unitary matrix U in M. k {C) satisfying 

(XJ kl ••• \ 

X 2 I k2 ••• 



\U*AU - 



< 2oo, 



\ ••• XJ k J 

where I kj is the kj x kj identity matrix in A4 kj (C) for 1 < j < n. 

Proof. The proof of part (1) is trivial. We will only prove part (2). Assume that the result 
in (2) does not hold. Then there is some u > so that the following holds: for all m > 1, there 
are k m > 1 and some A m in T^ op \x; k m , —, Pi, . . . , P m ) such that 

/Ai/ Sl ••• \ 

A 2 / S2 ••• 



U*A m U 



> 2uj, 



(*) 



V o o ••• x n i Sn / 

for every 1 < si, . . . , s n < k m with s± + • — h s n — k m and every unitary matrix U in A4 km (C). 

Let 7 be a free ultrafilter in (3(N)\N. Let B = YYL =1 Mk m (C) be the C* algebra ultraproduct 
of {^^(C)}^! along the ultrafilter a, i.e. Ilm=i -^fe m (C) is the quotient algebra of the 
C* algebra rim=i-^fcm( c ) b ^ J °o> the 0-ideal of the norm || ■ ||, where — {(^4 m )m=i ^ 
n^=i-^fcm( c ) I lim „w 7 ||An|| = 0}. Let a = [(U*A m U)™ =1 \ be a self-adjoint element in B. By 
mapping x to a, there is a unital *-isomorphism from the C* subalgebra generated by { J^, x} 
in A onto the C* subalgebra generated by {Is, a} in B. Thus o~(x) = cr(a). It is not hard to see 
that Hausdorff-dist(<7(PM m P), <r(a)) -^Oasm goes to 7, which contradicts with the results in 
part (1) and (*). 

□ 

3.2. In this subsection, we will use the following notation. 

(i) Let n, m be some positive integers with n > m. 

(ii) Let 5, 9 be some positive numbers. 



(iii) Let {Ai, A2, . . . , A m } U {A m+ i, . . . , A„} be a family of real numbers such that 

|Aj — Xj\ > for all 1 < i < j < m. 

(iv) Let A; be a positive integer such that k — (n — m) is divided by m. We let 

k — n + m 



t 



m 



(v) We let 

B = diag(X m+1 , ...,X n ) 
be a diagonal matrix in A4 n _ m (C) and 

A = diagiXJt, X 2 I t , • • • , X m I t , B) 

be a block-diagonal matrix in Mk(C), where I t is the identity matrix in M. t {€). 

(vi) We let A be defined as above and 

Q(A) = {U*AU I U is inU(k)}. 

(vii) Assume that {ey}f J=1 is a canonical basis of .Mfc(C). We let 

V\ = span{eij | |Ar_i_ 1+1 — Arj_ 1+1 | > 0, with 1 < i, j < mt}; and 

v 2 = M k (c)ev 1 , 

where [^], or [^], denotes the largest integer < [^], or [^] respectively. 

Lemma 3.1. We follow the notation as above. Suppose \\UiAUl — U 2 AU%\\ 2 < S for some 
unitary matrices U\ and U 2 in U{k). Then the following hold. 

(1) There exists some S G V 2 such that \\S\\ 2 < 1 and 
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|C/i-C/ 2 -5|| 2 < 



0' 



(2) If n = m, then there is a unitary matrix W in V 2 such that 

35 



PROOF. Assume that 



( U u 

U21 



|*7i-£W|| 2 < 
U 12 

u 22 



e 



m+1,1 



u, 



m+1,2 



^2,m+l 



^m+l,m+l / 



where C/jj is a £ x £ matrix, U i>m+ i a £ x (n — m) matrix, U m+ ij a (n — m) x £ matrix for 
1 < 2, j < m and £/ m +i, m +i is a (n — m) x (n — to) matrix. 



1) Let 



/ U u 

U 22 






U m ,m u m,m+l 

U m +l,m U m+ i, rn+ i/ 



U\. m +l\ 
U2,m+1 



u„ 





It is easy to see that S is in V 2 , \\S\\ 2 < 1 and 

5 2 > \\UiAUZ - U 2 AU;\\l = yTrdU^A - AU^U^U^A - AU;U ± ) 



k 



>\-6 2 £ TriU^). 



Hence 



l<i^j<m 



It follows that 



|C/i-C/ 2 5|| 2 < 



0' 



(2) If n = to, then 



V 2 = M t (C) © M(C) © • • • © M(C). 



By the construction of S, we can assume S = WH is a polar decomposition of S in V 2 for some 
unitary matrix W and positive matrix if in V 2 . Again by the construction of S, we know that 
H^ll < 1, whence \\H\\ < I. From the proven fact that \\U£U\ — S\\ 2 < |, we know that 



Thus 



It follows that 



|iJ 2 -/|| 2 =||^-/|| 2 <^. 
\\H-I\\ 2 < \\H 2 -I\\ 2 <-. 

II 112 _ || ||2 _ Q 



|tA - U 2 W\\ 2 < HC/i - U 2 WH\\ 2 + \\U 2 WH - U 2 W\\ 2 = Hf/x - U 2 S\\ 2 + \\H - I\\ 2 < 



35 



□ 



Lemma 3.2. We have the following results. 



(1) For every U EU(k), let 

£([/) = {W G U{k) | 3 S G V 2 such that \\S\\ 2 < 1 and ||W - £/S|| 2 < -}. 
T/ien the volume of £([/) is bounded above by 

(s-ia\ 2mt 2 +Am(n— m)t+2(n— m) 2 

where /i is £/ie normalized Haar measure on the unitary group U(k) and C, C\ are some 
constants independent of k, 5,0. 

(2) When n — m, for every U &U(k), let 

36 

£({/) = {W G U(k) | 3 a unitary matrix Wi in V 2 such that \\W - UWi\\ 2 < -r- }■ 
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Then 

/i(E(C/)) < (d • 85/ey 



ce^ T! "' : 
T 



Proof. (1) By computing the covering number of the set {S \ S G V 2 , such that ||5'||2 < 1} 
by S/9-\\ • 1 1 2-balLs in M. k (<£), we know 



V2{{S\ SeV 2 ,\\S\\ 2 <l}, 5 -)< ( 



< 



\ real dimension of of V2 

T 
ce 



2mt 2 +4m(n-m)t+2(n-m) 2 



where C is a universal constant. Thus the covering number of the set £([/) by the 46/ 9- 1| • || 2-balls 
in A4 k (C) is bounded by 

r 2mt 2 +4tn(n-m)t+2(n-m) 2 

^(s(tO, T ) < His I ^ g v 2 , ||5|| 2 < i}, ? ) < (-) 

But the ball of radius 46/9 in has the volume bounded by 

/j(ball of radius 45/0) < (Ci • 46/9) k \ 
where C\ is a universal constant. Thus 



Ai(E(l/))<(Ci-4<S/0)" 



C9 



2mt 2 +4m(n-m)t+2(n—m) 2 



(2) A slight adaption of the proof of part (1) gives us the proof of part (2). □ 
Lemma 3.3. Let Q(A) be defined as in (vi) at the beginning of this subsection. 
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(1) The covering number of Q(A) by the • \\ 2 -balls in M. k (C) is bounded below by 



z, 2 (fi(A),^)>(C 1 -4W fc2 -(^ 



-(2mt 2 +4rn(n-m)t+2(n-rn) 2 ) 



(2) Ifn — m, then 



i„ . ,„ k 2 fee 



u 2 (n(A),-5)>(C 1 -85/d) , s 



Proof. (1) For every U G define 

£([/) = {py g W(ife) | 3 5 = 5* e Fi, such that ||S|| 2 < 1, ||W - US\\ 2 < 7}. 

C7 



By preceding lemma, we have 

//(£([/)) < (d-46/ef 



ce 



mt 2 +4m(n— m)t+2(n— m) 2 



A "parking" (or exhausting) argument will show the existence of a family of unitary elements 
{Ui}f =1 c U{k) such that 



N > (Ci • A5/9)~ k2 1 ' 



(mt 2 +4m(rt-m)t+2(n-m) 2 ) 

5' ' 



and 

Ui is not contained in £(£/?), V i = 1, . . . , N. 
From the definition of each £(£/?•), it follows that 

HE/, - C/^|| 2 > -, \/ S £ V 2 , with || ^ || 2 < 1, VI < j < % < N. 

By Lemma 3.1, we know that 

\\UiAU* - U 3 AU* \\ 2 >5, VI < j < i < N, 

which implies that 

1 / r y Q\ ~ ( m ' 2 +4m(n-m)t+2(n-m) 2 ) 

u 2 (n(A),-5)>N>{C 1 .A5/9)- k2 .^ 
(2) is similar as (1). □ 
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3.3. We have following theorem. 

Theorem 3.2. Let n > m, 5, 9 > and {Ai, A2, . . . , A m } U {A m+ i, . . . , A n } be a family of real 
numbers such that 

I Aj — Xj I ^9 

for all 1 < i < j < m. Let k be a positive integer such that k — (n — m) is divided by m and 

k — n + m 
m 

Let 

B = diag(\ m+1 , . . . , \ n ) 
be a diagonal matrix in M. n ^ m (€) and 

A = diag(XJ t , X 2 I t , • • • , A m / t , B) 
be a block- diagonal matrix in M. k {C), where I t is the identity matrix in M. t {C). We let 

Q(A) = {U*AU \U is in U(k)}. 
Then the covering number offl(A) by the ■ \\-balls in A4k(C) is bounded below by 



v^n(A),±5)>(C 1 -45/9)- k2 -^f 

where C, C\ are some universal constants. 
When n = m, we have 



- (2mt 2 +4m(n-m)t+2(n-m) 2 ) 



-rat 



2 



1 / C9 

Proof. Note that 

fcoMA),^) > V2(V(A), 5 -), V5>0. 
The result follows directly from preceding lemma. □ 
3.4. The following proposition, whose proof is skipped, is an easy extension of Lemma 3.3. 

Proposition 3.1. Let m, k be some positive integers and 9, 5 be some positive numbers. Let 
Ti, T2, . . . , T m+ i is a partition of the set {1,2,..., k}, i.e. U^L^Ti — {1, 2, . . . , k} and TiHTj = 
for l<i^j<m + l. Let Ai, . . . , A& be some real numbers such that, if 1 < j\ 7^ 32 < rn then 

|Aij - Aj 2 | > 0, V % x e T h , i 2 G T h . 

Let A = diag(Xi, A 2 , . . . , A&) be a self-adjoint matrix in A^jt(C) and 

fl(A) = {U*AU I U e U{k)} 

be a subset of J\Ak(C). 
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Let Sj be the cardinality of the set Tj for 1 < j < m + 1. Then the covering number of Q(A) 
by the h6-\\ ■ \\ 2 -balls in M.k(C) is bounded below by 



i , frf)\ - 2s i- 2 4- 

u 2 (Q(A),-5)>(C 1 -A5/6)- k ■ (—) 
where C, C\ are some universal constants. 



-2s^ +1 -4(siH hs m )s m +i 



4. Topological free entropy dimension of one variable 

Suppose x is a self-adjoint element of a unital C* algebra A. In this section, we are going to 
compute the topological entropy dimension of x. 

4.1. Upperbound. 

Proposition 4.1. Suppose x in A is a self-adjoint element with the spectrum a(x). Then 

8top{x) < 1 - -, 
n 

where n is the cardinality of o~(x). Here we assume that - = 0. 

Proof. By [26], we know that the inequality always holds when n is infinity. We need only 
to show that 



1 



when n < oo. 

Assume that Ai, . . . , A n are in the spectrum of x in A. 

Let R > \\x\\. By Theorem 3.1, for every u > 0, there are r > and eo > such that, for 
all r > r ,e < e , 

A er% op \x ] k,e,P 1 ,...,P r ), 

there are some 1 < hi, . . . , k n < k, with k\ + • • • + k n = k and a unitary matrix U in .Mfc(C) 
satisfying 



/Ax/fe, 



A — U 



\ 



V 



Let 



fi(fci 



j k n ) 



( /Ai/ fel 
U 



A 2 4 2 










u* 



J 



< 2u. 



[**) 



o x 2 i k2 


{ \ 



\ 





U* I U is in ZA 
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By Corollary 12 in [21] or Theorem 3 in [2], the covering number of Q(ki, . . . , k n -i, k n ) by 
u-\\ ■ ||-balls in Ai k (C) is upperbounded by 



Vooi^ih, k n -i, k n ), u) < — 



where C 2 is a constant which does not depend on k, ki, . . . , k n (may depend on n and \\x\\). 

Let X be the set consisting of all these (hi, . . . , k n ) in Z™ such that 1 < k±, . . . ,k n < k and 
ki + ■ ■ ■ + k n = k. Then the cardinality of the set X is equal to 

(n- l)!(jfe-n)!" 

Note that 



'n 

i=l 

for all 1 < k±, . . . , k n < k with k± + ■ ■ • + k n = k; and by (**) 

^R k, €, Pi, . . . , P r ) 

is contained in 2o;-neighborhood of the set 

[J Q(ki,...,k n ). 
(fei,...,fc„)ez 

It follows that the covering number of the set 

P \ x \ k,e,P\, . . . , P r ) 
by 3a;- 1 1 ■ || -balls in .Mfc(C) is upperbounded by 



(k-l)\ fC 2 ^ h2 - k2/n 

r l,x-,ft-,t,ri,...,r r j,owj x — — - - — 

(n — !)!(« — n)\ \u 



u 00 (Tp > \x;k,e,P 1 ,...,P r ),3cu)< l " ' ' " 

Thus 



logf (fc ~ 1)! .(Qz) k - k / n ) 

c / \ -i • r 108 ^(n-l)!(fc-n)! Uj J 1 

cwz) < limsuphmsup — — — — = 1 . 

u,->o+ fe^oo -A^log(3o;) n 



4.2. Lower-bound. We follow the notation from last subsection. 



□ 



Proposition 4.2. Suppose that x is a self-adjoint element with the finite spectrum a(x) in 
A. Then 

Stop(x) > 1 , 

n 

where n is the cardinality of the set a{x). 
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Proof. Suppose that Ai, . . . , A n are distinct spectrum of x. There is some positive number 
9 such that 

\\ -\j\>e, V 1 < i ^ j < n. 
Assume k = nt for some positive integer t. Let 

A k = diagiXJt, . . . , X„I t ) 

be a diagonal matrix in .Mfc(C) where I t is the t x t identity matrix. It is easy to see that, for 
all R > \\x\\, r > 1 and e > 0, we have 

A k er% v \x;k,e,P 1 ,...,P r ). 
For any uj > 0, applying Theorem 3.2 for n = m and 5 = ^cu, we have 

(C9 \ ~ m<2 
—J 

=(iQc 1 ./9r 2 .(^y mt2 . 

Note that k — nt — mt and 9 is some fixed number. A quick computation shows that 

Stop(x) > 1 - -. 

Th 

□ 

Proposition 4.3. Suppose that x is a self-adjoint element in A with infinite spectrum. Then 

5to P (x) > 1. 

PROOF. For any < 9 < 1, there are Ai, . . . , X m in the spectrum of x, cr(x), satisfying (i) 

\Xi — Xj\ > 9; 

and (ii) for any A in cr(x), there is some Aj with |A — Xj\ < 9. By functional calculus, for any 
R > \\x\\, r > 1 and e > 0, there are some positive integer n > m and real numbers A m+i , . . . , A n 
in a(x) satisfying: for every t > 1 the matrix 

A = diag{X\I t) X-2,I t , ■ ■ ■ , X m I t , X m+ i, . . . , A n ) 

is in 

[x] k, e, Pi, . . . , P r ), 

where we assume that k = mt + n — m. For any uj > 0, let 5 = \uj. By Theorem 3.2, we know 
that 

Thus 

log(v 00 (T% p) ( X ;k,e,P 1 ,...,P r ),cu)) log(^)-logg | | 2 log(2C) + logg 2 
lim sup > + l + 

fc^oo — /e^logcj logw m logcj m 
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Then, 



2 

$to P {x) > 1 • 

m 



When 9 goes to 0, m goes to infinity as o~{x) has infinitely many elements. Therefore, 



Stop(x) > I. 



□ 



4.3. Topological free entropy dimension in one variable case. By Proposition 4.1, 
Proposition 4.2 and Proposition 4.3, we have the following result. 

Theorem 4.1. Suppose x is a self-adjoint element in a unital C* algebra A. Then 

8top( x ) = 1 ) 
n 

where n is the cardinality of the set o~(x) and o~(x) is the set of spectrum of x in A. Here we 
assume that — = 0. 

oo 

5. Topological free entropy dimension of n-tuple in unital C* algebras 

5.1. An equivalent definition of topological free entropy dimension. Suppose that 
A is a unital C* algebra and x±, . . . ,x n ,yi, . . . ,y m are self-adjoint elements in A. For every 
R, e > and positive integers r, k, let 

p ^ (xi, . . . , x n : j/i, . . . , y m ; k, e, Pi, . . . , P r ) 

be Voiculescu's norm-microstate space defined in section 2.4. 
Define 

!/ 2 (r^ op) (xi, ...,x n :y!,...,y m \ k,e,P l7 . . .,P r ),w) 

to be the covering number of the set T^ p \xi, . . . , x n : 2/1, . . . , y m \ k, e, Pi, . . . , P r ) by ■ 1 1 2-balls 
in the metric space (Ai s k ' a (C)) n equipped with trace norm (see Definition 2.2). 

Definition 5.1. Define 

5 top (x 1 , . . . , x n : 2/1, . . . ,y m ;u) 

. ( y log(^(ri? p) (£i, • • • ,x n : 2/1, . . . ,y m ; k,e,Pi, . . . ,P r ),w)) 
= sup mi hm sup —- 

R>0 e>0,reN -k z logW 

And 

8 tap (xi, x n : 2/1, . . . ,y m ) = limsup5 fop (xi, . . . , x n : y 1 , . . . , y m ; u) 

The following proposition was pointed out by Voiculescu in [26]. For the sake of complete- 
ness, we also include a proof here. 
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Proposition 5.1. Suppose that A is a unital C* algebra and xi, . . . , x n , y±, . . . , y m are self- 
adjoint elements in A. Then 

^top(-^l; • • • j *£n • 2/1; • • • > Urn) O~top(%ly ■ ■ ■ i %n • 2/1; • • • j 2/m); 

where S top (xi, . . . , x n : yx, . . . , y m ) is the topological free entropy dimension of Xi, . . . ,x n in 
presence ofy 1 ,...,y m . 

Proof. This is an easy consequence of Lemma 1 in [21] . Let A be the Lebesgue measure 
on (M k a (C)) n . Let, for every u > 0, 

B^lu) = {(A u . . . , A n ) G (M s k a (C)) n | || (A u ...,A n )\\<uj} 
B 2 (u) = {(A u • • • , A n ) g (M s k a (C)) n | \\(A U . . . , A n )\\ 2 < u} 

It follows from the results in |21j or Theorem 8 in [2] that, for some M±, M 2 independent of k, to 
such that 

AOBoo(l)) < A(Soo(w/4)) 



[-^J and A(5 2 (2^)) < X(B 2 (1)). (5.1.1) 



For every to > and any subset set K of (.M|' a (C)) ra , let 

K(u, || ■ ||) = {(Ax, . . . , A n ) G (Mr(C))" I || (A u ...,A n )- (D u ...,D n )\\<u 

for some (Dx, . . . , D n ) G If} 

tf(a;, || • || 2 ) = {(At, . . • , An) G (-Mr(C)) n | || (A, . . . , AO - Pi, • • • , D n )\\ 2 < u 

for some (Di, . . . , D n ) G i^} 

Note the following fact: 

|| (A 1: ...,A n )\\ 2 < M\(M, ...,A n )\\, V (Ai, . . . , An) G (^r(C)) n 
It follows from Lemma 1 in |21j that 

A( J B 00 (u;/4)) 

and 

A(if(V^;, II • lb)) 



< u 2 (K(\/tuo, || ■ || 2 ), 



nuj) 



\(B 2 (2^iu)) 
Combining with the equalities (5.1.1), we get 

X(K(u,\\-\\)) / Mi\ nfe2 A(^,||-||)) V fc2 A(if(V^, II • || 2 )) 



A(5 00 (^/4)) - V w ; A(5 00 (l)) " V w J A(5 00 (l)) ' 
and 

/ M 2 \ nfc2 A(if (y/^, || ■ || 2 )) A(K(^, || ■ || 2 )) 

\2^nuj J \{B 2 (l)) \(B 2 (2^nuj)) 
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Therefore, we have 

, i — . . , (2JnM l \ nk ' 2 A(P 2 (1)) /r , ^ . 

It is a well-known fact (for example see Theorem 8 in [2]) that 

A(Soo(l)) " 3 
for some universal constant C3 > 0. Hence 

nk 2 



— 1 3 J v 2 (K,\fn<jj). 



Let If be r^^xi, . . . , x n : yi, . . . , y m ; fc, e, Pi, . . . , P r ). By the definitions of <5t op and 5t op , we 
have 

&top(%li • • • 1 VCn ■ Vli • • • 1 Vra) &top\&\i ■ • • i ■ Vli • • • i Vm) ■ 

□ 

5.2. Upper-bound of topological free entropy dimension in a unital C* algebra. 

Let us recall Voiculescu's definition of free dimension capacity in 



Definition 5.2. Suppose that A is a unital C* algebra with a family of self- adjoint generators 
X\, . . . ,x n . Suppose that TS(A) is the set consisting of all tracial states of A. IfTS(A) 7^ 0, 
define Voiculescu's free dimension capacity kS(xi, . . . ,x n ) of follows, 

k8(xi, . . . ,x n ) = sup S (xi, . . . ,x n : r), 

t£TS(A) 

where 5q(xi, . . . , x n : r) is Voiculescu's (von Neumann algebra) free entropy dimension of 
xi,...,x n in (A,t). 

The relationship between topological free entropy dimension of a unital C* algebra with a 
unique tracial state and its free dimension capacity is indicated by the following result. 

Theorem 5.1. Suppose that A is a unital C* algebra with a family of self- adjoint generators 
Xi, . . . , x n . Suppose that TS(A) is the set consisting of all tracial states of A. IfTS(A) is a set 
with a single element, then 

5top(xi, ...,x n ) < k5(x 1: . . . ,x n ). 
To prove the preceding theorem, we need the following lemma. 

Sublemma 5.2.1. Suppose that A is a unital C* algebra with a family of self- adjoint gener- 
ators xi, . . . ,x n . Suppose that TS(A) ^ is the set consisting of all tracial states of A. Let 
R > max{||xi||, . . . , ||x n ||} be some positive number. Then for any m > 1, there is some r m G N 
such that 

r^° p) (xi, . . . ,x n ; k, — , Pi, ...,P rm ) Q U T eTS(A)TR(xi, . . . ,x n ;k,m, — ;r), V k > 1 
r m m 
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where Tr(xi, . . . , x n ; k, m, — ; r) is microstate space of X\, . . . , x n with respect to r (see [23\). 

Proof of Sublemma 5.2.1: We will prove the result by contradiction. Suppose, to the 
contrary, there is some m > 1 so that following holds: for any r G N, there are some k r > 1 
and some ^ 

(Ai \ A2 , . . . , A^) G p ^ (xi, . . . , x n ; k r , — , Pi, . . . , P r ) 

r 

satisfying 

4 r) , . . . , A«) £ U reT ^ ) r fl (a; 1 , . . . , x n ; k r , m, -■ r). (5.2.1) 

m 

Let a be a free ultrafilter in j3 (N)\N. Let A/" = Ylr=i •M-k r {C) be the von Neumann algebra ultra- 
product of {A1fc r .(C)}^ =1 along the ultrafilter a, i.e. Ylr=i Mk r {C) is the quotient algebra of the 
C* algebra [J^i ^^(C) by X 2 , the 0-ideal of the trace r a , where r a ((A r )™ =1 ) = lim r _ 



Let, for each 1 < j < n, ctj = [(Ar )£Li] be a self-adjoint element in J\f. By mapping Xj to 
there is a unital *-homomorphism if) from the C* algebra A onto the C* subalgebra generated 
by {a%, . . .,a n } in A/". 

Let To be the tracial state on A which is induced by r Q on if>(A), i.e. 

7o(ac) = r a (ip(x)), V x G A. 

It follows that when r is large enough, 

(Aj r) , A { 2 ] , . . . , ^ r) ) G r fl (zi, . . . , x n ; k r , m, — ; r ), 

m 

which contradicts with the inequality (5.2.1). This complete the proof. □ 

Proof of Theorem 5.1: Let R > max{||rri||, . . . , ||z n ||}. Let r be the unique trace of 
A. By Sublemma 5.2.1, for any m > 1, there is r G N such that 

r2° p) (xi, . . . ,x n ; k, -,Pi, . . . ,P r ) C r R (xi, . . . ,x n ; fc,m, — ;r), V k > 1. 



m 

Therefore, for any 1 > u; > 0, we have 

z/ 2 (rJ op) (a;i, ...,x n ;k, -,P 1; . . . ,P r ),u) < u 2 {T R (x 1 , ...,x n ; k,m, —;r),u), V k > 1. 

r m 

Now it is easy to check that 

5 top (a;i, . . . ,x n ) < . . . ,x n ;r) = k8(xi, . . . ,x n ). 
By Proposition 5.1, we know that 

5 top (x 1 , ...,x n )< k5(x 1 , x n ). 

□ 

Remark 5.1. Combining Theorem 5.1 with the results in or [14], we will be able to 
compute the upper-bound of topological free entropy dimension for a large class of unital C* 
algebras. For example, S top (xi, . . . , x n ) < 1 ifx%, . . . ,x n is a family of self-adjoint operators that 
generates an irrational rotation algebra A. 
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5.3. Lower-bound of topological free entropy dimension in a unital C* algebra. 

In this subsection, we assume that A is a finitely generated, infinite dimensional, unital simple 
C* algebra with a unique tracial state r. Assume that family of self-adjoint 

generators of A. Let H be the Hilbert space L 2 (A, r). Without loss of generality, we might 
assume that A is faithfully represented on the Hilbert space H. Let M. be the von Neumann 
algebra generated by A on H . It is not hard to see that M. is a diffuse von Neumann algebra 
with a tracial state r. 

For each positive integer m, there is a family of mutually orthogonal projections Pi, ■ ■ ■ ,p m 
in M. such that r{pj) = 1/m for 1 < j < m. Let 

m 

Vm = 1 • Pi + 2 • p 2 H hra -p m = y~]j-Pj e M. 

3=1 

Let {P r (xi, . . . , be defined as in section 2.3. Thus {P r (xi, . . . , x n )}'^ =1 is dense in M. 

with respect to the strong operator topology. Hence, for each m > 1, there is some self-adjoint 
element P rm (xi, . . . , x n ) in A such that 

||y m -P rm (xi,...,x n )|| 2 < -^3, 

where ||a||2 = \/r(a*a) for all a G M.. 

Lemma 5.1. Let A be finitely generated, infinite dimensional, unital simple C* algebra with 
a unique tracial state t. Assume that family of self- adjoint generators of A. Let 

H, M. be defined as above. For each m > 1, let y m and P rm (xi, . . . , x n ) be chosen as above. 
Then 

^topip^li ■ ■ ■ i -Era) — $top(Pr m ■ ■ ■ i %n) ■ X±, . . . , ■^n)- 

Proof. Let R > max{||P rm (xi, . . . , ||xi||, . . . , ||x n ||}. There exists a positive constant 
D > 1 such that 

\\P r JA l , ...,A n )-P r jB l} ..., B m ) \\<D\\ (A l} ...,A n )-(B 1 ,..., B m ) \\ 

for all A 1 ,...,A n ,B 1 ,...,B n in M k (C) satisfying < ||Ai||, . . . , \\A n \\, ||Si||, . . . , ||P n || < R. 
Then it is not hard to verify that, for u > 0, 



Vooi^R P \Pr m {%li ■ ■ ■ i x n) '■ x li ■ ■ ■ i x n'i ^5 e > P\i ■ ■ ■ 1 Pf)j w ) 

....PA 

AD 



< ^oo(r^ P \xi, • • • , X n ] ki P\i ■ ■ ■ 1 Pr)i jp:) 



for each r > r m and e < j. By definition of 5 t0 p and Remark 2.3, we have 

0~top(Pr m {x\, ■ ■ ■ , X n ^) . X\ , . . . , Xn) ^ O~top{x\ , . . . , X n ) . 



□ 
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Definition 5.3. Suppose A is a unital C* algebra and family of self- adjoint el- 



ements of A that generates A as a C* algebra. If for any R > max{||xi||, . . . , \\x n \ 
r > 0, e > 0, there is a sequence of positive integers k\ < k 2 < • • • such that 

V s > 1 

then A is called having approximation property. 



\yi\\,---, WVn 



r { x P \x 1 , ...,x n :y 1 ,...,y m ; k s ,e,P 1 , . . . , P r ) ^ 0, 



Lemma 5.2. Let A be a finitely generated, infinite dimensional, unital simple C* algebra with 
a unique tracial state r . Assume that A has approximation property. Assume that x±, . . . ,x n is a 
family of self- adjoint generators of A. Let H, M. be defined as above. Letm be a positive integer. 
Lety m and P rm (xi, . . . ,x n ) be chosen as above. Let R > max{||P rm (xi, . . . , x n )||, \\xi\\, • • • , ||^n||}- 
Then there is some positive integer r > r m so that the following hold: V k > 1, if 

(B, Ai, . . . , A n ) e pS} (P rm (xi, . . . , x n ), Xi, . . . , x n ; k, — , Pi, . . . , P r ), 

then there are some 1 < fci , . . . , k m < k with — — -<%<— + - for each 1 < j < m and 



ki H \-k Tl 



k, and a unitary matrix U in U{k) satisfying 

(l-I kl ••• 

2-4 2 ••• 



B-U 



\ 



\ 











tni 2 <-3. 



PROOF. We will prove the result by contradiction. Assume, to the contrary, for all r > r n 
there are some k r > 1 and some 



{B^,A^,...,A^)eTf p \p rm { Xl , 



, X n j, X\, . . . , Xrit k r , , Pi, 

r 



i Pr)i 



satisfying 



\B {r) - U 







2-7. 



S2 








\ 



V 







u*\\ 2 > 



m J 



(5.3.1) 



m ■ I Sm ) 



< t- < — + - for each 1 < j < n and s± H \- s m = k r , 



for all 1 < si, . . . , s m < k r with — 
and all unitary matrix U in U(k). 

Let a be a free ultrafilter in /3(N) \ N. Let M = Yl"=i •M-k r ( < ^) be the von Neumann algebra 
ultraproduct of {A4k r (C)} c ?L 1 along the ultrafilter a, i.e. Ylr=i -^fc r (C) is the quotient of the 
C* algebra Y[T=i-M-k r (C) by J 2 , the 0-ideal of the trace T a , where r Q ,((A r )^ 1 ) = lim r ^ a Tr ^ Ar - ) . 

Let, for each 1 < j < n, aj = [(A^)^-^ be a self-adjoint element in M . By mapping Xj to aj, 
there is a unital *-homomorphism ip from the C* algebra A onto the C* subalgebra generated 
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by {a±, . . . ,a n } in M. Since A is a simple C* algebra and 4>(Ia) — In, actually is a *- 
isomorphism. Since A has a unique trace r, ^ induces a ^-isomorphism (still denoted by ip) 
from .M onto the von Neumann subalgebra generated by ai, . . . , a n in A/". Therefore, 



\\y m - Pr m (x 1 ,...,X n )\\2 = W^iVm) ~ Pr m {flX, ■ ■ ■ , On) ||2,r a < — g- 

This contradicts with the definition of y m and inequality (5.3.1). 

The following lemma is well-known (for example, see Lemma 4.1 in 



□ 



Lemma 5.3. Suppose A, or B, is a self-adjoint matrix in A^|"°'(C) with a list of eigenvalues 
Ai < A2 < • • • < Afc, or Hi < jj,2 < ■ ■ ■ < fjLk respectively. Then 



Y,\\-n\ 2 <Tt{{a-ubw) 



where U is any unitary matrix in U(k). 



Lemma 5.4. Let r,m be some positive integer with 4 < m < r. Suppose ki,...,k m is a 
family of positive integers such that — — ^ < < ^ + ^ for all 1 < j < k and k\ + ■ • ■ + k m = k. 
If A is a self-adjoint matrix in Aik(C) such that, for some unitary matrix U in U(k), 



\A-U 



( 1 • I kl 

2 • J fe2 








V 







u*h< — 



then, for any uo > we have 



u 2 (n(A),u) > (8CW 



-k 2 



m ■ Ik„J 



m 



for some constants C±,C > 1 independent of k,u, where 

n(A) = {W*AW I W e U(k)}. 

Proof. Suppose that Ai < A2 < . . . < Xk are the eigenvalues of A. For each 1 < j < m, let 

i-i 3 

kt) + 1 < i < > kt and | A, — 7I < 

m' 



i-i 3 j 

Tj = {i e N I k t ) + 1 < z < h and |A< - j\ < — } 



t=o 



t=0 



and 



3— 1 i-i j 

t=0 t=0 t=0 
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here we assume that ko = 0. Let B = diag(l • 1^, • • • ,m- Ik m ) be a diagonal matrix in .Mfc(C). 
By Lemma 5.3, we have 

k(^) 2 >Tri(A-UBUr)> £>-j| 2 > (±X cardfr), 

i efj 

where card(Tj) is the cardinality of the set Tj. Thus 

4k 

card(Tj) < — j, for 1 < j < m. 

Let Sj = card(Tj) for 1 < j < m, whence 

k k ^ , ^ , ,.~ , ^ , 4k ^ k k 4k w ^ . ^ 

1 — > kj > Si = kj — card(lj) > k~ > -, V 1 < 7 < m. 

m r ~ 3 ~ 3 3 V 3 ' ~ 3 m 4 ~ m r m 4 ' ~ J ~ 

Let 

T m+1 = {l,2,... J fc}\(U? =1 T i ) 
and s m+ i be the cardinality of the set T m+ i. Thus 



m 



s m+ i = A; - si s rn = y~] card(fj) < V] -^j = 

i=i i=i 

It is not hard to see that T 1: . . . , T m+1 is a partition of the set {1,2,..., A;}. Moreover, if 
1 < j\ 7^ J2 < ?ti then for any 

ii G Tjj, and « 2 £ T j2 

we have 

2 1 

IK - \ 2 \ > j'a — Ji - \ 2 - j 2 | - ^ - ji| > 1 > -. 

m 2 

Applying Proposition 3.1 for such Ti, . . . , T m , T m+ i, 9 = 1/2 and = 5/2, we have 

/2f"\ ~ 2s i 2s^-2s^ +1 -4(si+-+s m )s m+ i 

z/ 2 (fi(A),cu)>(8C 1 cu)- fc2 -(— J 

>(8 Cl .)-.(^) 

>(8C»-.(^) 

>W.(^) , 
for some constants C,C\> 1 independent of fc, uj. 

□ 



. 2 ( fc 2 + ... +fc 2 i + ( « ) 2 +2fc « ) 



-2((^ + ^) 2 +-+(^ + f) 2 + ^ + f^) 
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Lemma 5.5. Let A be a finitely generated, infinite dimensional, simple unital C* algebra with 
a unique tracial state r. Assume that A has approximation property. Assume that x±, . . . , x n is a 
family of self- adjoint generators of A. Let H, Ai be defined as above. Let m be a positive integer. 
Lety m and P rm (xi, . . . ,x n ) be chosen as above. Let R > max{||P rm (xi, . . . ,x n )||, ||xi||, . . . , ||a; n ||}. 
When r is large enough and e is small enough, for any u > 0, we have 



v 2 (Y^ p) (P Tm (xi, . . . ,x n ) : x u . . . ,x n ; k,€,P u . . .,P r ),u) > (8Ciw) k * ■ 

PROOF. By Lemma 5.2, when r is large enough and e is small enough, the following hold: 
V k > 1, if 

(B, A\, . . . , A n ) G P \Pr m { x ii • • • 5 x n), Xi, . . . , x n ; k, e, Pi, . . . , P r ), 



then there are some 1 < k\, . . . , k m < k with — — - < -r < — + - for each 1 < j < m and 

lit I t\, lit i 

ki + ■ ■ ■ + k m — k, and a unitary matrix U in U(k) satisfying 

/l-I kl ••• \ 

2-/ fe2 ••• 



B-U 



\ 



m 



m J 





Combining with Lemma 5.4, we know that if 

B G r^> \P rm [xi } . . . , Xn) '. Xi, . . . , x n ] k, e, Pi, . . . , P r ) 

then, for any cu > 0, 

(_ -56fc 2 
~) 

where 

n(B) = {W*BW | W G U{k)}. 
Note that Q(B) C r^ op - ) (P rm (a;i, . . . , x n ) : Xi, . . . , x n ; k, r, e). It follows that, for any to > 0, 

-56fc 2 



i/ 2 (r2° p) (P rm (xi, . . . ,x n ) : xi, . . . ,x n ; k,r,e),u) > (SCiu) k * ■ {^^j 



Now we have the following result. 



□ 



Theorem 5.2. Let A be a finitely generated, infinite dimensional, simple unital C* algebra 

with a unique tracial state r. Assume that Ob \ •) • • • •) 0C ft ^ 

family of self- adjoint generators of A. 
If A has approximation property, then S top (xi, . . . ,x n ) > 1. 
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Proof. Let H be the Hilbert space L 2 (A, r). Without loss of generality, we might assume 
that A is faithfully represented on the Hilbert space H. Let M be the von Neumann algebra 
generated by A on H . It is not hard to see that M. is a diffuse von Neumann algebra with a 
tracial state r. For each positive integer m, there is a family of mutually orthogonal projections 
Pi, . . . ,p m in M. such that r(pj) — 1/m for 1 < j < m. Let 

m 

Vm = 1 • Pi + 2 • p 2 H \-m-p m = ^2j -p^ 

3=1 

Let {P r (xi, . . . ,x n )}^ 1 be defined as in section 2.3. Thus {P r (xi, . . . ,x n )} c ^ =1 is dense in M. 
with respect to the strong operator topology. Hence, for each m > 1, there is some self-adjoint 
element P rm (a: 1 , . . . , x n ) in „4 such that 

\\y m -Pr m (xi,...,x n )\\ 2 < — ■ 

By Lemma 5.5, for any u > 0, when r is large enough and e is small enough, we have for 
some constants C\,C > 1 independent of k,u 



V2p { % P \Pr m (xu ...,x n ):x 1 ,...,x n ;k,e,P 1 ,...,P r ),u)> • ( 

Therefore, 

56 

$to-p(Pr m ■ ■ ■ i %n) ■ X±, . . . , X n ) ^ 1 . 

m 

By Proposition 5.1, we get 

56 

0~top(Pr m (^lj • • • j . Xi, . . . , X n ) ^ 1 . 

By Lemma 5.1, 

56 

5 t0 p(xi, ...,x n )>l . 

m 

Since m is an arbitrary positive integer, we obtain 

$to P (xi, ...,x n )>l. 



(1C 



□ 



5.4. Values of topological free entropy dimensions in some unital C* algebras. In 

this subsection, we are going to compute the values of topological free entropy dimensions in 
some unital C* algebras by using the results from preceding subsection. 

Theorem 5.3. Let Ag be an irrational rotation C* algebra. Then 

0~top(%li ■ ■ ■ i ^n) 1 

where family of self-adjoint operators that generates Ag. 
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Proof. Note that A$ is an infinite dimensional, unital simple C* algebra with a unique 
tracial state r. By |24j or and Theorem 5.1, we know that 

$top\ x li ■ ■ ■ j x n) ^ 1- 
It follows from [18J that Aq has approximation property. Therefore 

3top(xi, ■ ■ ■ j %n) ^ 1- 

Hence 

$topi%li • • • i %n) !■ 

□ 

THEOREM 5.4. Let A be a UHF algebra (uniformly hyperfinite C* algebra). Then 

&topi%li • • • i 2"Tl) 1 

where family of self-adjoint operators that generates A. 

Proof. By |17j . we know that .4 is generated by two self-adjoint elements. It is not hard 
to see that ^4 is an infinite dimensional, unital simple C* algebra with a unique tracial state r. 
By |24j or and Theorem 5.1, we know that 

8top(%l, • • • j %n) < 1- 

It is easy to check that A has approximation property. Therefore 

3top(%l, • • • 5 %n) ^ 1- 

Hence 

&top (^1 > ■ ■ ■ 5 *£n) 1 • 

□ 

Recall that for any sequence (A m )m=i °f C* algebras,we can introduce two C* algebras 

I I A m = {{flm) m =l I fl m £ Ani SUp ||d m || < Oo} 

men 



V^An = {(a m )^ =1 I a m G An, lim ||a m || = 0} 



The norm in the quotient C* algebra JT An/ An is given by 

||/o((Om=i)ll = limsup 



m— >oo 



where p is the quotient map from rim An onto ^2 m Am- 
If A is an exact C* algebra, then the sequence 

Af m (C) -> -4 ® mi „ JJ M m (C) -> A ® min (JJ M m (C)/ ^ M m (C)) 
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is exact. Therefore, we have the following natural identification 

A ® m in (J] M m(C)/ ^ M m (C)) = (A ® m vn \[ M m (C)) / (A ® mm M m (C)). 
mm m m 

On the other hand, we have the following natural embedding 

A Y[M m (C) c]jMm(A) 

m m 

and the identification 

A Y,M rn (C) = Y,Mm(A) 

m m 

Thus we have for any exact C* algebra A a natural embedding 

V> : A ® min (II M m (C)/ M m(C) C H M m {A)/ M m(A). 

mm mm 

Lemma 5.6. Suppose that A and B are unital C* algebras and p is an unital embedding 

p: A^\[M m {B)/Y, M m{B). 

m m 

Suppose that family of elements in A. Suppose r is a positive integer and 

{Pj(xi, . . . , x n )} r j =1 is a family of noncommutative polynomials of x±, . . . , x n . Then there are 

some fceN and . . . , in A4k(B) so that 

\\\P j (a^\... : a^)\\-\\P j (x u ... : x n )\\\<^, Vl<j<r. 
Proof. We might assume that 

p( Xi ) = [(x^U E l[M m (B)/J2 M m(B), Vl<i<n. 

m m 

By the definition of ]] m M m (S)/^ m M m (B), there are some positive integers m 1 < m 2 such 
that 

|( sup \\P j (x®,...,x®)\\)-\\P j (x 1 ,...,x n )\\\<± Vl<j<r. 

m\<l<m2 T 



Let k = Y"™' 2 ™ 7 and 



Then, it is not hard to check that 



\P 3 (a[ k \ . . . , a( fc ))|| - . . . , x B )||| < V 1 < j < r. 



r 

□ 
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Theorem 5.5. Let p > 2 be a positive integer and F p be the free group on p generators. Let 
C* e d(.Fp) ®minC* ed (F p ) be a minimal tensor product of two reduced C* algebras of free groups F p . 
Then 

where x±, . . . ,x n is any family of self-adjoint generators of C* ed (F p ) ® m i n C* ed (F p ). 

Proof. Note that C* ed (F p ) ® min C* ed (F p ) is an infinite dimensional, unital simple C* algebra 
with a unique tracial state. By the result from [5] or [11] and Theorem 5.1, Theorem 5.2, to 
show 5top(xi, . . . , x n ) = 1, we need only to show that C* ed (F p ) ® m in C* ed (F p ) has approximation 
property. Therefore, it suffices to show the following: Let R > max{||xi||, . . . , ||x n ||}. For any 
r > 1, there is some k G N so that 

T^ p \x 1 ,...,x n ;k,^,P 1 ,...,P r )^Hl. 
By the result from [9], we know there is a unital embedding 

fa : C; ed (F p ) -> l[M n (C)/^2M n (C), 

m m 

which induce a unital embedding 

2 : c; ed (F p ) ® min c; ed (F p ) -> c; ed (F p ) ® mm ([[M m (c)/J2M m (c)) 

m m 

Note that C* ed (F p ) is an exact C* algebra. From the explanation preceding the theorem it 
follows that there is a unital embedding 

m m 

By Lemma 5.6, for a family of elements X\, . . . , x n in C* ed (F p ) ® m in C* ed (F p ) and r > 1, there 

are some m e N and some a^ m \ . . . , in M- m (C* ed (F p )) so that max{||oi||, . . . , ||a n ||} < R 
and 

| \\P 3 (a { r\ • • • , a^) || - HP^Xx, . . . , xn) || | < i V < j < r. 
On the other hand, by the existence of embedding 

fa : C; ed (F p ) - \[M ml {C)/Y,M ml {C), 

ml m! 

it follows that there is a unital embedding 

04 : >wc; ed (ig) = M m {c) ® min c; ed (F p ) -> ac(c) <g> min (n^(c)/ ^ao(c)) 

m' m' 

But 

-Mm(C) ® min (n^m'(C)/^A^ m /(C)) = Y[M m/m (Q/J2 Mm ' m ^- 

m' m! m' m' 
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Hence for such a\ , . . . , a„ in M. m (C* ed (F p )) and r > 1, by Lemma 5.6, there are some k G N 
and At, . . . , A n in .Mfc(C) so that max{|| Ai||, . . . , ||Ai||} < R and 

| ||P,(a5 m) , . . . , ajfi) || - HP^A, . . . , A.) II I < V < j < r. 

Altogether, we have 

IHP.On,...,^)!! - Hp^a,...,^)!!! < -, vo < j <r, 

which implies that C* ed (F p ) ® m in C* ed (F p ) has approximation property. 
Hence 

for any family of self-adjoint elements x%, . . . , x n that generates C* ed (F p ) ® m i n C* ed (F p ). □ 

Theorem 5.6. Suppose that K, be the C* algebra consisting of all compact operators on a 
separable Hilbert space H. Suppose A = C ® /C is the unitization of K. If family 
of self-adjoint elements that generate A as a C* algebra, then 

o~tvp\ x ii ' ' ' i x n) = 0- 

Proof. By |17j . we know that unital C* algebra A is generated by two self-adjoint elements 
in A. Note that A has a unique trace r, which is defined by 

r((A,x)) = A, V(\,x)eA. 

By Theorem 5.1, it is not hard to see that 

0~top(%ly • • • j 0, 

where family of self-adjoint generators of A. 

□ 

6. Topological free orbit dimension of C* algebras 

Assume that A is a unital C*-algebra. Let xx, . . . ,x n , yx,...,y m be self-adjoint elements 
in A. Let C(Xx, . . . , X n , Yx, . . . , Y m ) be the noncommutative polynomials in the indeterminates 
Xi, . . . ,X n , Yi, . . . ,Y m . Let {P r } c fL l be the collection of all noncommutative polynomials in 
C(Xl, . . . , X n , Fx, ... , Y m ) with rational coefficients. 

6.1. Unitary orbits of balls in Ai k (C) n . We let Aik(C) be the k x k full matrix algebra 
with entries in C, and U(k) be the group of all unitary matrices in A4 k (C). Let Ai k (C) n denote 
the direct sum of n copies of M.f.(<C). Let A4 s k a (C) be the subalgebra of A4fc(C) consisting of 
all self-adjoint matrices of M k (C). Let (M s k a (C)) n be the direct sum of n copies of M. k a (C). 

For every uj > 0, we define the a;-orbit-|| • ||-ball U(B 1 , . . . , B n ; u>) centered at (Pi, . . . , B n ) in 
M k (C) n to be the subset of M k (C) n consisting of all (Ax,..., A n ) in M k (C) n such that there 
exists some unitary matrix W in U(k) satisfying 

|| (Ax, . . . , A n ) - (WBxW*, . . . , WB n W*) || < u. 
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6.2. Norm-microstate space. For all integers r,k > 1, real numbers R, e > and non- 
commutative polynomials Pi, . . . ,P r , we let 

T/j (•£].) ■ ■ ■ i -En ■ Dli ■ ■ ■ i Vm: k, £■> P\i ■ ■ ■ i Pr) 

be as defined as in section 2.4. 

6.3. Topological free orbit dimension. 

Definition 6.1. For u > 0, we define the covering number 

Ooo(Tif p) (xi, ...,x n :yi,...,y p ; k,e,P u . . .,P r ),u) 

to be the minimal number of u-orbit-\\- \\ -balls that cover T^\x\, . . . , x n : yi, . . . , y p , k, e, Pi, . . . , P r ) 

with the centers of these u-orbit-\\ ■ \\-balls in T^ op \xi, . . . , x n : yi, . . . , y p ; k, e, Pi, . . . , P r ) 
For each function f : NxNx R + — > R ; we define, 

t f (xi, ...,x n :y 1 ,...,y p ;u,R) 

= inf limsup/(o 00 (r2° p) (a;i, . . . ,x n : yi, . . . , y p ; k, e, Pi, . . . , P r ), u), k, u) 

r£N,e>0 fc^oo 

and 

tf(xi, ...,x n :yi,...,y p ;u)=sup tf(x u . . . , x n : y ± , . . . , y p ; u, R) 

R>0 

t f (xi, ...,x n :y 1 ,...,y p )= limsup t f (xi, . . .,x n : y u . . .,y p ;u), 

U!-*0+ 

where tf(xi, , . . . ,x n : yi, . . . ,y p ) is called the topological /(-)-free-orbit-dimension of Xi, . . . ,x n 
in the presence of yi, . . . ,y p . 

6.4. Topological free entropy dimension and topological free orbit dimension. 

The following result follows directly from the definitions of topological free entropy dimension 
and topological free orbit dimension of n-tuple of self-adjoint elements in a C* algebra. 

Theorem 6.1. Suppose that A is a unital C* algebra and family of self- adjoint 

elements of A. Let / :NxNxR + ^Rfc defined by 

f{s,k,u) = — — 

—k 2 logcu 

for s, k e N, u > 0. Then 

5 top (xi, ...,x n )< t f (xi, . . . , x n ) + 1. 

7. Topological free orbit dimension of one variable 

We recall the packing number of a set in a metric space as follows. 

Definition 7.1. Suppose that X is a metric space with a metric distance d. (i) The packing 
number of a set K by u-balls in X, denoted by P(K,u), is the maximal cardinality of the subsets 
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F in K satisfying for all a,b in F either a = b or d(a,b) > u. (ii) The packing dimension of 
the set K in X , denoted by d{K), is defined by 

log(P(K,u)) 



d(K) = limsup 

w->0+ 



logo; 



7.1. Upper-bound of the topological free orbit dimension of one variable. Suppose 
that x = x* is a self-adjoint element in a unital C* algebra A and a(x) is the spectrum of x in 
A. 

For any uu > 0, let m = P(K,u) be the packing number of o~(x) in R. Thus there exists a 
family of elements X±, . . . ,X m in a(x) such that (i) |Aj — Xj\ > uj for all 1 < i ^ j < m; and (ii) 
for any A in a(x), there is some Aj with 1 < j < m satisfying |A — \j\ <uj. 

Lemma 7.1. For any given R> \\x\\, when r is large enough and e is small enough, we have 

\ogo 00 (T ( ^ op \x;k,e,P 1 ,...,P r ),3u;) 

hm sup < m. 

k->oo log k 

Proof. By Theorem 3.1, there exist some r > 1 and e > such that the following 
holds: when r > ro, e < eo, for any A in T^ op \x; k, e, P±, . . . , P r ), there are positive integers 
1 < hi, . . . , k m < k with ki + • • • + k m = k and some unitary matrix U in M k (C) satisfying 







\U*AU 



\ 












where 7^. is the kj x kj identity matrix for 1 < j < m 
Let 

/ Ai J ta 

A 2 / fe2 

U 



tt(k u 



V 
















\ 



< 2cj, 









\ 



U I U is in Uk 



X m h m J 



Let J be the set consisting of all these (k±, . . . , k m ) e N m with k\ + 
cardinality of the set J is equal to 



+ k m = k. Then the 



1 ! 



(m — l)!(/c — m)\ 



Then 



,(top) i 
R 



X, k, 6, Pi, . . . , P r ) 



is contained in 2u;-neighborhood of the set 

U 



, . . . , k m ). 



(^lvi^m)Gi7 



31 

It follows that 

Ooo (rg op) (x; k, e,P u ..., P r ), 3w) < Ooo ( M Q(k u . . . , k m ), u) < \J\ = %^ rr- 

w [m — l)Hk — my. 

Therefore, 

logo 00 (r2° p) (x; k,e,P u . . . ,P r ),3u) logOo^r^O; k , e > p h ■ ■ ■ , Pr), w) 
hm sup = hm sup - : 

fc^oo log k fc^oo logfc 

W ( (fc-D' ^ 

iog ^( m -i)!(fc- m)! y 

< hm sup — = m — 1. 

fc^oo log ft 

□ 

7.2. Lower-bound. Suppose that x = x* is a self-adjoint element in a unital C* algebra A 
and cr(x) is the spectrum of x in A. 

Lemma 7.2. We /iawe 

logo 00 (T^ op \x;k,e,P l ,...,P r )^) 
hm sup : — > m — 1 . 

fc^oo log ft 



PROOF. For any uo > 0, let m = P(K,u) be the packing number of cr(x) in M. Thus there 
exists a family of elements Ai, . . . , A m in u{x) such that (i) | A< — Aj-| > co> for all 1 < z 7^ j < m; 
and (ii) for any A in cr(x), there is some Xj with 1 < j < m satisfying |A — Xj\ < u. 

For any R > \\x\\, r > 1 and e > 0, by functional calculus, there are A m +i, . . . , A n in &{x) 
such that for every 1 < t 1; . . . , t m < k — n with 2nt\ + . . . + 2nt m = k — n, the matrix 

A = diag(\ 1 l2nt 1 ,X2l2nt 2 , • • • j A m i2nt m , Ai, . . . , A m , . . . , A n ) 

ismT^ p \x',k,e,P 1 ,...,P r ), (7.2.1) 

where we assume that 2n\(k — n). 

Let J be the set consisting of all these (t\, . . . , t m ) G N m with 2nti + . . . + 2nt m = k — n. 
Then the cardinality of the set J is equal to 

(*5T-1)« 



, 2n 



— m) !(m — 1) 



By Weyl's theorem in [27] on the distance of unitary orbits of two self-adjoint matrices, for 
any two distinct elements 

(sx,...,s m ) and (t 1; ...,t m ) 
in J and any W in U(k), we have 

\\A l - WA 2 W*\\ > 00, 
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where 



A\ — diagyXlI^ntn ^2-^2nt 2 > • • • ! A m /2ni m , Ai, . . . , A m , . . . , A n ) 
A 2 = diag(\il 2ns l> A2-/2ns2' • • • ) A m /2ns m ; Al, . . . , A m , . . . , A n ) 

are two diagonal self-adjoint matrices in .Mfc(C). Combining with (7.2.1), we have 



f p \x; k, e, Pl ,..., P r ), ^ > \J\ > (k S" n \u )l W 

\2n ~ rny\m— 1)! 



o 00 (T^(x;k,e,P 1 ,...,P r ),-)>\J\> 

Hence 



logo^^^^e^!,...^,),!) log (^_;)!( m _i)! 

iim SUp : : — > lim SUp : : =171—1. 

fc^oo logfc fc^oo logfc 



7.3. Topological free orbit dimension of one self-adjoint element. 



□ 



Theorem 7.1. Suppose that x = x* is a self-adjoint element in a unital C* algebra A and 
c(x) is the spectrum of x in A. Let d(o~(x)) be the packing dimension of the set cr(x) in M. Let 
/:NxNxR+^lk defined by 

log (tH 

ft 1 \ \ logk 



— logu 
for s, k G N, uj > 0. Then 

t f (x) = d(a(x)). 

Proof. The result follows directly from Lemma 7.1, Lemma 7.2 and Definition 7.1. □ 

Theorem 7.2. Suppose that x = x* is a self-adjoint element in a unital C* algebra A. Let 
/:NxNxR+^Rk defined by 

ft i \ lo s s 

— KT lOgCU 

for s, k G N, uj > 0. Then 

t f (x) = 0. 

Proof. The result follows directly from Lemma 7.1 and Definition 7.1. □ 
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